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Chapter  Vectors and Matrices 

§ Vectors 

Row vector 1( ,.., ) n
nu u u R  , Column vector 1( ,.., )T n

nu u u R   

Two row vectors u  and v nR ,  , R   

1 1( ,.., ) n
n nu v u v u v R            

Inner product 
1

n
T T

i i
i

u v uv v u v u u v


             

Length of u  is 1/2( )Tu uu   

Let u  and v nC , then the conjugate of u  is denoted as u  

The hermitian inner product of u  into v  is defined as u v   

The hermitain length of u  is defined as u u  . 

If 
1

0
m

i i
i

u



  has only one solution 0i  , 1 ~i m , then iu

 , 1 ~i m , 

are linearly independent. If at least one 0i  , then iu
 , 1 ~i m , are 

linearly dependent. If iu
 , 1 ~i n , are linearly independent, then the 

expression 
1

n

i i
i

x u


   is unique for nx R . In this situation, nR  is 

spanned by iu
 , 1 ~i n , and the set of iu

 , 1 ~i n , is said to form a 

basis for nR . 

Gram-Schmidt procedure 

Given a set of linearly independent vectors iu
 , 1 ~i n , to generate a set 

of orthonormal vectors iv
 , 1 ~i n , i.e., T

i j ijv v   , for i j . 

1 1 1/v u u   , 
1

1

( )
i

T
i i i j j

j

w u u v v




      , /i i iv w w   . 
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§ Matrices 

11 1

1

m

n m

n nm

a a

A R

a a



  
      
    
   

, 

1 j

nj

a

a

 
  
  
  

 is the jth column of A 

 1i ima a   is the ith row of A. 

The column space of m nA R   is the space spanned by the columns of 

A  and is denoted as [ ] { }nR A Ax x R   . The row space of A  is the 

space spanned by the row of A  and is denoted as [ ] { }T T mR A x A x R    

The right null space of A  is denoted as [ ] { 0 }mN A x Ax R  
   

The left null space of A  is denoted as [ ] { 0 }T T nN A x x A R  
   or 

[ ] { 0 }T T nN A x A x R  
  . 

Rank 

r  rank A=dimension of column space [ ]R A  

dim [ ]N A   dimension of null space of [ ]N A  

n   total number of columns of A  

r  dim [ ]N A n .  

r  rank A=dimension of row space [ ]TR A  

dim [ ]TN A   dimension of left null space of [ ]TN A  

k   total number of rows of A  

r  dim [ ]TN A k .  

Theorem. 
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[ ]N A  and [ ]R A  are orthogonal subspace. The fact is denoted as 

[ ] [ ]TR A N A   

Proof: 

 [ ]y N A and [ ]Tz R A  imply there exists x  such that TA x z  and 

0Ay  , then ( ) 0T T T Tz y A x y x Ay    or [ ] [ ]TN A R A . 

Theorem 

[ ]TN A  and [ ]R A  are orthogonal subspace. The fact is denoted as 

[ ] [ ]TR A N A   

Proof: 

 [ ]Ty N A and [ ]z R A  imply there exists x  such that Ax z  and 

0TA y  , then ( ) 0T T T Tz y Ax y x A y    or [ ] [ ]TN A R A . 

The norm of nx R  is defined as 2 2

1

n
T

i
i

x x x x


   

The problem 2
0T TAx x A Ax   will imply 0x   if the columns of A  

are linearly independent or TA A  is non-singular. 

Consider the least square problem Ax y , n kA R  , kx R , ny R , 

n k . T TA Ax A y  implies 1( )T Tx A A A y . 

2
0T TAx x A Ax   

[ ]ij n mA a  , [ ]ij n mB b  , [ ]ij ij n mA B a b        

[ ]ij n mA a  , [ ]ij m pC c  , 
1

[ ]
m

ij jk n p
j

AC a c 


   
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Transpose of A  is denoted as TA , 

11 1

1

n

T m n

m nm

a a

A R

a a



  
      
    
   

, T
ji ija a  

The jth column of A  becomes the jth row of TA . 

The ith row of A  becomes the ith coulmn of TA . 

If TA A , then A  is symmetric. If TA A  , then A  is skew-symmetric 

The conjugate of A  is denoted as A  

The hermitian conjugate of A  is denoted as ( )TA A   

n nA R   is an identity matrix if 1iia  , 1 ~i n , and others being zero 

Properties 

1. ( )T TA A , 2. ( )T T TA B A B   , 3. ( )T T TAB B A  

§ Determinants 

n nA R  , the determinant of A  is denoted as A  or det( )A  

Deleting the ith row and the jth column of A  yields a new matrix 

(1) ( 1) ( 1)n nA R     

The determinant of (1)A  is called the minor ijM  of ija . The value 

( 1)i j
ij ijA M   

is called the cofactor of ija . 

Ex. 
1 2 3

4 5 6

7 8 9

A

 
   
  

 

The minor 22M  and cofactor 22A  of 22a  are 22

1 3

7 9
M   and 
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2 2
22 22( 1)A M  , respectively. 

Properties 

1. 
1 1

det( )
n n

ik ik kj kj
k k

A a A a A
 

    , 2. det( ) det( )TA A  

3. If A  is a triangular matrix, then 
1

det( )
n

ii
i

A a


  

4. If A  has either a zero row vector or a zero column vector, then 

det( ) 0A   

5. 1 2[   ... ... ]i i nA v v f g v 
    , then 1 2 1 2det( ) det[   ... ... ] det[   ... ... ]i n i nA v v f v v v g v 

        

6. If A  has either the same two row vectors or the same two column 

vectors, then det( ) 0A   

7. If B  is a matrix obtained by interchanging any two rows (columns) of 

a square matrix, then det( ) det( )B A   

8. If one row (column) vector of a square matrix A  is equal to a number 

c  times some other row (column) vector, then det( ) 0A  p 

9. 1 2[   ... ... ]i nA v v v v     , 1 2[   ... ... ]i nB v v cv v     , then det( ) det( )B c A  

10. det( ) det( )ncA c A  

11. 
1 1

det( )
n n

ik jk kj ki ij
k k

a A a A A
 

   , where 1ij   for i j  and 0ij   for 

i j   

12. , n nA B R  , det( ) det( )det( )AB A B  

13. If 1 3( ) ~ ( )f x f x  are differentiable, then 

1 2 3 1 2 3

1 2 3 1 2 3

1 2 3 1 2 3

f f f f f f
d

f f f f f f
dx

f f f f f f

     
     
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Hw  

1. Show that 

2 2

2 2 2

2 2

det( ) 2 4

b ac bc c

A ab ac bc a b c

a ab b ac


 


 

2. Find the value 

2 2

2 2

2 2

b c bc ac

ab c a bc

ca bc b a





  

3. Find the value of k such that 
3 10

1 2 5 48

2 4

k k

k k

k k

 
  

 
 

4. 
2

cos sin ln

det sin cos 1/

cos sin 1/

t t t

t t t

t t t


  

 

§ Inverse 

, n nA B R   If AB BA I  , then 1B A  

From 
1 1

det( )
n n

ik jk kj ki ij
k k

a A a A A
 

   , we obtain 

11 1 11 1

1 1

0 0

0 0

0 0

n n

n nn n nn

a a A A A

A

a a A A A

        
                              
              

  
 

Define the adjoint of A as ( ) [ ]Tijadj A A , then  

( )Aadj A A I , and 1 ( ) /A adj A A   

Ex. 
1 2 4

1 0 3

3 1 2

A

 
   
  

, 1 1
11

0 3
( 1) 3

1 2
A    


, 1 2

12

1 3
( 1) 7

3 2
A  

  


, 

1 3
13

1 0
( 1) 1

3 1
A  

    , 2 1
21

2 4
( 1) 8

1 2
A   


, 2 2

22

1 4
( 1) 14

3 2
A    


, 
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2 3
23

1 2
( 1) 5

3 1
A    , 3 1

31

2 4
( 1) 6

0 3
A    , 3 2

32

1 4
( 1) 7

1 3
A    


, 

3 3
33

1 2
( 1) 2

1 0
A   


, 

 11 11 12 12 13 13 1 ( 3) 2 7 4 ( 1) 7A a A a A a A             

3 7 1 3 8 6

( ) 8 14 5 7 14 7

6 7 2 1 5 2

T

adj A

     
          
       

 

The Problem Ax b
  can be solved as 1x A b

  

Or 

1
11 1 11 1 1

1

1

1 1 1
( )

n

i i
in

n
n n n nn n

i in
i

b A
x b A A b

adj A
A A A

x b A A b
b A





 
                                                                          
 





 

Cramer’s rule 

Ex. 
1

2

3

1 2 3 1

9 5 4 3

6 8 7 5

x

x

x

     
         
         

, 

1 2 3

det 9 5 4 1 5 7 9 8 3 6 4 2 3 5 6 4 8 1 7 9 2

6 8 7

 
                    
  

 

35 216 48 90 32 126 35 48 32 51           

1 2 3

det 3 5 4 35 72 40 75 32 42 72 32 42 2

5 8 7

 
             
  

 

1 1 3

det 9 3 4 21 135 24 54 20 63 43

6 5 7

 
         
  
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1 2 1

det 9 5 3 25 72 36 30 24 90 11

6 8 5

 
          
  

 

1 2 3( , , ) ( 2,43, 11) / 51x x x     

A  is non-singular if 0A   

If A  and B  are non-singular, then 1 1 1( )AB B A   , 1 1( ) ( )k k kA A A     

Hw  

1. Find the adjoint and inverse of matrix A 

2 1 3

4 0 1

3 3 2

A

 
   
  

 

2. Solve the following equation by Cramer’s rule 

2 5x y z     

3 1x z    

2 3x y    

3. If 3A  , n nA R  , then what are the values 1A , ( )adj A  and 

1( )adj A ? 

§ Eigenvalues 

n nA R  , Ax x  ,   is the eigenvalue and x
  is the eigenvector 

Consider 0
dy

y
dx

  . Let xy ae , then x xa e a e    or   . 

Consider 0
dy

Ay
dx

 
  . Let xy e u  , then u Au     

Ax x   implies ( ) 0A I x 
  . Since 0x 

 , then A I  is singular or 

0A I  . 
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Ex. 
4 5

1 2
A

 
   

, 
4 5

det( ) det 5 (4 )(2 ) 0
1 2

A I


  


  
         

 

25 ( 4)(2 ) 2 3 ( 3)( 1) 0                

3   1

2

1 5 0

1 5 0

x

x

     
        

, 1

2

5

1

x

x

   
   
  

 

1   , 1

2

5 5 0

1 1 0

x

x

     
        

, 1

2

1

1

x

x

   
   
  

 

Hw  

(a) Find all real values of k  for which the matrix  

1 3

2

1 3

k

A k k

k

 
    
  

 

has real eigenvalues 

(b) Find the corresponding eigenvector of A  

(c) With k  real, determine the largest possible eigenvalue of A  and the 

corresponding eigenvector 

(d) Find the real values of k  for which A  has only two real eigenvalues. 

Find the two eigenvalues and the corresponding eigenvectors. 

Theorem 

A matrix is singular if and only if at least one of its eigenvalues is zero. 

Theorem  

If A  and B  are similar matrices, then A  and B  have the same 

eigenvalues. 

Remark.  A  and B  are similar matrices, if 1B S AS . 

Theorem 

A eigenvector of a square matrix cannot correspond to two distinct 

eigenvalues. 
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Theorem 

If 1x
 .. nx

  are eigenvectors corresponding respectively to distinct 

eigenvalues 1 .. n , then 1x
 .. nx

  are linearly independent. 

Theorem 

The eigenvalues of a hermitian matrix are all real. 

Corollary 

The eigenvalues of a real symmetric matrix are all real. 

Corollary 

The eigenvalues of a skew-hermitian matrix are all pure imaginary. 

Theorem 

If ix
  and jx

  are eigenvectors corresponding, respectively, to the distinct 

eigenvalues i  and j  of a hermitain matrix H , then 0T
i jx x    and 

0T
i jx Hx   . 

Theorem 

Every n n  hermitian (real symmetric) matrix has n  linearly 

independent eigenvectors. 

Corollary 

Every n n  hermitian (real symmetric) matrix has a set of n  

orthonormal eigenvectors. 

Theorem 

The equation ( ) 0A B x 
  has zero as an eigenvalue iff A  is singulaer. 

Theorem 

If A  and B  are hermitian (or real symmetric) matrices, and if B  is 
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definite, then the eigenvalues of ( ) 0A B x 
  are real. 

Corollary 

If A  and B  are hermitian (or real symmetric) matrices, and if B  is 

positive- definite and A  is negative-definite, or vice versa, then all the 

eigenvalues of ( ) 0A B x 
  are negative. 

Corollary 

If A  and B  are hermitian (or real symmetric) matrices, and if both B  

and A  are positive- definite or negative-definite, then all the eigenvalues 

of ( ) 0A B x 
  are positive. 

Theorem 

If A  and B  are hermitian (or real symmetric) matrices, and if 1.. nx x
  are 

eigenvectors of the equation ( ) 0A B x 
  corresponding, respectively, to 

the distinct eigenvalues 1.. n  , then 0i jx Ax    and 0i jx Bx    for i j . 

Theorem 

If A  and B  are hermitian (or real symmetric) matrices, if B  is 

definite, and if 1  .. nx x
   are eigenvectors of the equation ( ) 0A B x 

  

corresponding, respectively, to the distinct eigenvalues 1.. n  , then 1  .. nx x
   

are linearly independent. 

Theorem 

If A  and B  are hermitian (or real symmetric) matrices, and if B  is 

positive-definite, then all eigenvectors of the equation ( ) 0A B x 
  are 

linearly independent and orthonormal with respect to B . 

Ex. Both A  and B  are non-singular, then AB  and BA  have the same 
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eigenvalues. 

Ex. All eigenvalues of a skew-hermitian matrix are pure imaginary or 

zero. 

Ex. Let 1  .. nx x
   be orthonomal eigenvectors of the equation ( ) 0A I x 

  

corresponding the eigenvectors 1.. n  , respectively. Then the solution of 

( )A I x v    is given by 

1

Tn
i

i
i i

x v
x x

 

 
   


    

Theorem 

Let ( , )i ix   be the ith eigenvalue and associated eigenvector, 1 ~i n , of 

the equation ( ) 0A B x 
 , in which both A  and B  are  hermitian, and 

B  is positive-definite. Let i j ijx Bx     and 1[  ... ]nM x x   , then 

M BM I  , M AM   diagonal matrix of [ ] . 

Theorem 

An n n  matrix is similar to a diagonal matrix iff it has n linearly 

independent eigenvectors. 

Remark: A  is similar to B  if 1A S BS  

Corollary 

Every hermitian matrix and every real symmetric matrix is similar to a 

diagonal matrix. 

§ Functions of a square matrix 

r s r s s r s rA A A A A A    , 1 1( ) ( )s s sA A A     
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Let ( )f A  and ( )g A  be two polynomials of A , 

then ( ) ( ) ( ) ( )f A g A g A f A . 

If ( )g A is non-singular, then 1 1( ) ( ) ( ) ( ) ( ) / ( )f A g A g A f A f A g A   .  

Theorem 

Let 1 .. n  be eigenvalues of A . If f  is a polynomial, then 

1( ) ( ) ... ( )nf A f f   

Proof: Express ( )f x  as 1( ) ( )...( )kf x c x b x b   , then 

 1( ) ( )...( )kf A c A b I A b I   , 

1
1 1 1 1

( ) ... ( ) ( )
k n n k

k
k i j i j

j i i i

f A c A b I A b I c b c b 
   

 
       

 
    

1

( )
n

i
i

f 


  

Theorem 

Let 1 .. n  be eigenvalues of A . If f  is a polynomial, then the 

eigenvalues of  

( )f A  are 1( )f  , …, and ( )nf   

Prof. 

Let ( ) ( ) 0g x f x    , then 1( ) ( ) ( ) ... ( ) 0ng A f A I f f           

So, 1( )f  , …, ( )nf  . 

Corollary 

Let   and x
  be one eigenvalue and the associated eigenvector of A , 

then  
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( )f   and x
  are one eigenvalue and the associated eigenvector of ( )f A . 

Theorem 

If A  is a matrix which is similar to a diagonal matrix, that is  

1
1

0 0

0 0

0 0 n

D S AS







 
    
  

, then 
1

1

( ) 0 0

( ) 0 0

0 0 ( )n

p

p A S S

p







 
   
  

 

Ex. 4 3 2( ) 4 6 3p x x x x x     , 
0 2

1 3
A

 
  
 

 

2
det 0 2 ( 3 )

1 3
A I


  


  

        
, 1 1  , 2 2   

1 1  : 1

2

1 2 0

1 2 0

x

x

      
    

    
, 1

2

2

1

x

x

   
     

 

2 2  : 1

2

2 2 0

1 1 0

x

x

      
    

    
, 1

2

1

1

x

x

   
     

 

0 2 2 1 2 1 1 0

1 3 1 1 1 1 0 2

       
                 

, 
2 1

1 1
S

 
    

, 1 1 1

1 2
S   

    
 

 
1

0 2 2 1 1 0 2 1

1 3 1 1 0 2 1 1

       
                 

 

11 0
( )

0 3
p A S S  

  
 

 

Theorem 

If A  is similar to a diagonal matrix, and if p is a scalar polynomial, then 

the equation ( )p X A  is solvable for X . 

Ex. Solve 2 4 3
4 4

5 6
X X I

 
    

 
 

24 3
det 0 ( 4)( 6) 15 10 9

5 6


   


 

         
, 1 1  , 2 9   

1 1  : 1

2

3 3 0

5 5 0

x

x

    
    

    
, 1

2

1

1

x

x

   
     
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2 9  : 1

2

5 3 0

5 3 0

x

x

     
        

, 1

2

3

5

x

x

   
   
  

, 
1 3

 
1 5

S
 

   
,  

14 3 1 0

5 6 0 9
S S    

   
   

.  

Let 1Y SXS  , 2 1 0
4 4

0 9
Y Y I

 
    

 
, 2

1 14 4 1y y   , 1 1,3y   

2
2 24 4 9y y   , 2 1,5y    

1 0

0 1
Y

 
   

, 
1 0

0 5

 
 
 

, 
3 0

0 1

 
  

, 
3 0

0 5

 
 
 

, 1X S YS  

Ex. 
4 3

5 6
A

 
  
 

, 

1
9

0

0
A e
e S S

e
 

  
 

, 1sin(1) 0
sin( )

0 sin(9)
A S S  

  
 

,  

2 2
2 2 1

2 2

sin (1) cos (1) 0
sin cos

0 sin (9) cos (9)
A A S S I 
    

 

1
1 00 ...n n

nA I c c   
       implies 1

1 0... 0n n
nA c A c I
     

where 0c A . 1
1 0...n n

nA c A c I
    . 

If 1A  exist, then 1 2 1
1 0... 0n n

nA c A c A  
     or 

1 1 2
1 1( ... ) / det( )n n

nA A c A c I A  
      

§ System of Differential Equations 

Ex. 2 6 2 tdx dy
x y e

dt dt
    ,  2 3 3 8 1

dx dy
x y

dt dt
      

 

1 1 2 6 2 0

2 3 3 8 0 1
tx xd
e

y ydt

           
                        

 

 

1
1 1 3 1

2 3 2 1

    
      

, 
3 1 2 6 3 10

2 1 3 8 1 4

     
            
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3 1 2 6

2 1 0 4

     
          

, 
3 1 0 1

2 1 1 1

     
           

 

 

3 10 6 1

1 4 4 1
tx xd
e

y ydt

         
                      

 

 

Eigenvalues  23 10
det 0 10 ( 3)(4 ) 2

1 4


   


 

           
 

1 2     1

2

5 10 0

1 2 0

z

z

    
         

, 1

2

2

1

z

z

   
     

 

2 1     1

2

2 10 0

1 5 0

z

z

    
         

, 1

2

5

1

z

z

   
     

 

Modal matrix 
2 5

1 1
M

 
    

, 1 1 51

1 23
M    

  
 

 

 

1 1 1 1 13 10 6 1

1 4 4 1
tx xd

M M MM e M M
y ydt

             
                      

 

 

1 12 0 14 41 1

0 1 2 13 3
tx xd

M M e
y ydt

          
                     

 

 

Let 1u x
M

v y
   

   
   

, then 14 4
2

3 3
tdu

u e
dt

   , 2 1

3 3
tdv

v e
dt

     

2
1

14 2

3 3
t tu c e e   , 2

1 1

3 3
t tv c e e    

x u
M

y v

   
   

   
, 2 5x u v  , y u v    

State Equation 

dx
Ax Bu

dt
 

  → At At Atdx
e Ae x e Bu

dt
   

  → ( )At Atd
e x e Bu

dt
    

→
0 0

( )
t tA Ad

e x d e Bud
d

  


  
  →

0
( ) [ (0) ]

tAt Ax t e x e Bud   
    
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Another approach 

3 10 6 1

1 4 4 1
tx xd
e

y ydt

          
                     

 

 

2 5

1 1
M

 
    

, 1 1 51

1 23
M    

  
 

, 13 10 2 0

1 4 0 1
A M M     
       

,  

2
10

0

t
At

t

e
e M M

e




 
  

 
, 

0

6 1

4 1

t Ae e d       
          



2
1 1

20 0

6 10 0

4 10 0

t te e
M d M M d M

e e

 

 
 

 
       

             
   

2

2

14 41 0 0.5(1 ) 01 1

2 13 30 0.5( 1) 0 1

t t

t t

e e
M M

e e

        
               

 

2

2

14(1 ) 2(1 ) 01

3 0 ( 1) 1

t t

t t

e e
M

e e

    
      

 

2
10

( ) (0)
0

t

t

x xe
t M M

y ye




    
     

     

2

2

14(1 ) 2(1 ) 01

3 0 ( 1) 1

t t

t t

e e

e e

     
        

 

Consider dx
Ax Bu

dt
 

    

Taking Laplace transform on both sides yields 

( ) (0) ( ) ( )sL x x AL x BL u      → ( ) ( ) (0) ( )sI A L x x BL u     →

1 1( ) ( ) (0) ( ) ( )L x sI A x sI A BL u       , 1 1[( ) ] AtL sI A e   ,  

→ ( )

0
( ) (0) ( )

tAt A tx t e x e Bu d    
    

Theorem. If A  is a nonsingular matrix, the linear system  Ax b
 

 has exactly one 
solution. 

Theorem. A homogeneous system of n linear equations in  n  unknowns 0Ax 
 

 
has a nontrivial solution if and only if det( ) 0A  .  
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Theorem. If A  is a singular matrix of order n  such that at least one entry in the 
kth row of det( )A has a nonzero cofactor, then a complete solution of the linear 

system 0Ax 
 

 is given by the column vector 

 1 2[   ]Tk k knx c A A A


  , 0c    

Ex. Solve 

 
1

2

3

1 2 1 0

3 2 5 0

5 6 3 0

x

x

x

     
         
         

  

Ans.  

11

2 5
24

6 3
A    , 12

3 5
16

5 3
A    ,  13

3 2
8

5 6
A    

 11 11 12 12 13 13 24 32 8 0a A a A a A         

 [ 24 16 8]Tx c    or [ 3 2 1]Tx c   
Theorem. 
Let  A  be an n n matrix with eigenvalues 1 . . . n . Suppose that there exists n  
linearly independent eigenvectors 1V  . . . nV  associated with these eigenvalues, 

respectively. Then there exists a matrix P  such that  

 
1

1

0 0

0 0

0 0 n

P AP D







 
    
  

  

where  1[     ]nP V V      

 ※ 
5 4 4

12 11 12

4 4 5

A

 
   
  

 has three eigenvalues 1 1  , 2 1  , and 3 3   .  

5 4 4 1 0 4

12 11 12 0 1 12

4 4 5 1 1 5

A I

 
  

   

  
     

    
 

2 2 2

1 0 4 1 0 4

( 1) 0 1 12 ( 1) 0 1 12 ( 1) ( 3) 0

1 1 5 0 1 9

   
 

 
       

 
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3 3   : 
1 1

3 2 2

3 3

8 4 4 2 1 1 0

( ) 12 8 12 4 3 2 3 0

4 4 8 1 1 2 0

x x

A I x x x

x x


          

                     
                  


  

2 3
1

1 2


 


, 

3 3
3

1 2
   , 

3 2
1

1 1


 


,  

   

 { 1 3 1}Tx    


 or {1 3 1}Tx 


 

1 2 1    :
1 1

1 2 2

3 3

4 4 4 1 1 1 0

( ) 12 12 12 4 3 3 3 0

4 4 4 1 1 1 0

x x

A I x x x

x x


          

                     
                  


 

Or 

 
1

2

3

1 1 1 0

0 0 0 0

0 0 0 0

x

x

x

     
         
         

, 
1

2

3

x

x

x


 


   
       
   
   

, take 
1

1

0

 
 
 
 
 

 and 
0

1

1

 
 
 
 
 

 L. I. 

 

 
1 0 1

1 1 3

0 1 1

P

 
   
  

 ,  
1 0 0

0 1 0

0 0 3

D

 
   
  

.  

  
 § Orthogonal matrices: n nQ R  , TQQ I   
  Each column vector of Q  is orthonormal, i.e.,  

 
1

 
0

T
i j ij

i j
q q

i j



   

  

  

§ Unitary matrices: n nU C  , TUU I , U  is the conjugate of U .  
 Each column vector of U  is orthonormal 

 
1

 
0

T
i j ij

i j
u u

i j



   

 

  

Consider X =AX 
 , n nA R  . 

Let ( ) tX t e C
 

, then  ( ) 0tA I Ce 
 

 or ( ) 0A I C 
 
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Theorem. Let  A  have eigenvalues 1  .…  n . Suppose there are n L.I. eigenvectors  

1   nE E
 

, respectively, corresponding to these eigenvalues. Then   

 1
1   ntt

nE e E e 
 

 are n L.I. solutions. The general solution us expressed as 

1
1 1( )   ntt

n nX t c E e c E e   
  

 or ( ) [ ( )]X t t C 
 

 

Ex.  
4 2

3 3
X X

    
 

 
  

24 2
det (4 )(3 ) 6 7 6 0

3 3


   


 

         
 

1 1  :  1

2

3 2 0

3 2 0

x

x

    
    

    
, 1

2

2

3

x

x

   
   
  

 

2 6  :  1

2

2 2 0

3 3 0

x

x

     
        

, 1

2

1

1

x

x

   
   
  

 

6
1 2

2 1
( )

3 1
t tX t c e c e

   
    

   


 or 

6
1

6
2

2
( )

3

t t

t t

ce e
X t

ce e

   
   

  


 

※EX. 
1 3

3 7
X X

     

 
 

21 3
det (1 )(7 ) 9 8 16 0

3 7


   


 

          
 

1 4  :  1

2

3 3 0

3 3 0

x

x

     
        

, 1

2

1

1

x

x

   
   
  

, 4
1

1
( )

1
tX t e

 
  
 


  

2 4  : Try  14 4
2

2

1
( )

1
t tx

X t te e
x

  
    
   


, then 

1 14 4 4 4 4
2

2 2

1 1 1 3 1
( ) 4

1 1 3 7 1
t t t t tx x

X t e te e te e
x x

                                      


 

1 14 4 4

2 2

1 1 3
4

1 3 7
t t tx x

e e e
x x

      
             

 or 1 1

2 2

1 1 4 3 3 3

1 3 7 4 3 3

x x

x x

         
                   

 

Take 1

2

11

23

x

x

   
   

  
 ,then 4 4

2

1 11
( )

1 23
t tX t te e

   
    
   


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4 4 4
1 1 2 2 1 2

1 1 11
( ) ( ) ( )

1 1 23
t t tX t c X t c X t c e c te e

      
          

      

  
 

14 4 4
1 2

2

1 1/ 3 1 1/ 3

1 2 / 3 1 2 / 3
t t t ct t

c e c e e
ct t

        
                

 

Ex.  
1 1

0 1

x x

y y

     
    

     
  or  y y  , x x y     

2
ty c e , 2

tx x c e    or 1 2
t tx c e c te  , 

 1
1 2

2

1
( )

0 1 0

t t
t t

t

cx t e te
t c e c e

cy e

        
          

        
  

 Another method 

Eigenvalue 1 1   
1

0 0 1

0 0 0

x

y

     
    

     
, 

1

1
( )

0
tx

t e
y

   
   

   
,  

Try 
2

1
( )

0
t tx

t te e
y




     
      

     
, 

2

1 1 1 1
( )

0 0 1 0
t t t t tx

te e e te e
y

 
 

             
               

            
 

1

0
t t te e e

  
 

     
      

     
, 1  , take  0    

 
2

1 0
( )

0 1

t
t t

t

x te
t te e

y e

      
         

       
, 1

1 2
2

1
( )

0 0

t t t
t

t t

cx te e te
t c e c

cy e e

        
          

        
 

 Ex, 
5 4 4

12 11 12

4 4 5

A

 
   
  

, X AX 
 

 

A  has 1 1  , 1 {1 1 0}TE 


, 2 1  , 2 {0 1 1}TE 


, 3 3   , 3 {1 3 1}TE 


   

  

3
1 2 3

1 0 1

( ) 1 1 3

0 1 1

t t tX t c e c e c e
     
            
     
     


 or 

3
1

3
2

3
3

0

( ) 3

0

t t

t t t

t t

e e c

X t e e e c

e e c







   
      

     


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 Another method 

1 1  : 1 {1 1 0}TE 


, 1

1

( ) 1

0

tX t e

 
   
 
 


 , 3 3   : 3 {1 3 1}TE 


, 3

3

1

( ) 3

1

tX t e
 
   
 
 


 

2 1  : 
1

2 2

3

1

( ) 1

0

t t

x

X t te x e

x

   
       
   
   


 

1 1

2 2 2

3 3

1 1 5 4 4 1

( ) 1 1 12 11 12 1

0 0 4 4 5 0

t t t t t

x x

X t te e x e te x e

x x

             
                            

                       


 

1

2

3

1 5 1 4 4

1 12 11 1 12

0 4 4 5 1

x

x

x

      
          
          

 or 
1

2

3

1 1 1 1
1

1 3 3 3
4

0 1 1 1

x

x

x

     
         
         

 has no answer. 

So, 
1

2 2

3

1

( ) 1

0

t t

x

X t te x e

x

   
       
   
   


 does not exit. 

 

EX.  X AX 
 

 ,  
2 1 5

25 7 0

0 1 3

A

   
   
  

  

2 1 5 2 0 2

0 25 7 0 25 7 0

0 1 3 0 1 3

A I

  
  

 

       
       

 
 

1 0 1 1 0 0

(2 ) 25 7 0 (2 ) 25 7 25

0 1 3 0 1 3

   
 

          
 

 

2 3(2 )[25 (7 )(3 )] (2 )[4 4 ] ( 2)                    
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1 2    : 
1

1 2

3

0 1 5

( ) 25 5 0

0 1 5

x

O A I X x

x


    

        
     

 
, 

1

2

3

1

5

1

x

x

x

   
      
      

, 

 2
1

1

( ) 5

1

tX t e
 
   
  


, Try 

1
2 2

2 2

3

1

( ) 5

1

t t

x

X t te x e

x

 

   
       
      


 

1 1
2 2 2 2 2

2 2 2

3 32 2

1 2 1 5 1

( ) 5 ( 2 ) ( 2 ) 25 7 0 5

1 0 1 3 1

t t t t t

x x

X t te te x e te x e

x x

    

            
                         

                    


 

1 1
2 2 2

2 2

3 32 2

1 2 1 5

5 ( 2 ) 25 7 0

1 0 1 3

t t t

x x

e x e x e

x x

  

         
               
             

 

1

2

3 2

1 0 1 5

5 25 5 0

1 0 1 5

x

x

x

      
         
         

, 
1

2

3 2

1 0 1 5

1 5 1 0

0 0 0 0

x

x

x

     
         
         

,
1

2

3 2

1 0 1 5

0 5 0 5

0 0 0 0

x

x

x

     
        
         

 

1

2

3 2

5 1

x

x

x





   
       
      

, Take 
1

2

3 2

1

4

1

x

x

x

   
      
      

, 2
2

1

( ) 4 5

1

t

t

X t t e

t



 
   
   


 

1
2 2 2 2

3 2

3 3

1 1
1

( ) 5 4
2

1 1

t t t

x

X t t e te x e

x

  

     
            
           


 

1
2 2 2 2

3 2

3 3

1 1

( ) 5 ( ) 4 (1 2 ) 2

1 1

t t t

x

X t t t e t e x e

x

  

     
               
           


 

1
2 2

2

3 3

2 1 5 1 1
1

25 7 0 5 4
2

0 1 3 1 1

t

x

t t x e

x



          
                 

                 
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1

4

1

 
 
 
  

1

2

3 3

0 1 5

25 5 0

0 1 5

x

x

x

    
      
     

 or 
1

2

3 3

0 1 5 1

1 0 1 1/ 25

0 0 0 0

x

x

x

     
          
         

, 

1

2

3 3

0 1 5 1

1 0 1 1/ 25

0 0 0 0

x

x

x

     
          
         

, 
1

2

3 3

1/ 25

5 1

x

x

x





    
        
   
   

 take  1    

1

2

3 3

26 / 25

6

1

x

x

x

   
       
   
   

, 

2

2 2
3

2

/ 2 26 / 25

( ) 5 / 2 4 6

/ 2 1

t

t t

X t t t e

t t



  
    
    


 

2

2 2
1

2

/ 2 26 / 25

( ) 5 / 2 4 6

/ 2 1

t

t t

X t c t t e

t t



  
     
    


2

2

1

4 5

1

t

t

c t e

t



 
   
   

2
1

1

5

1

tc e
 
   
  

 

 
※ Putzer algorithm for an exponential matrix 
Let the eigenvalues of A  be 1    n    . Let 1( )   ( )nf t f t   be the unique 
solutions of the initial value problems 1 1 1( ) ( )f t f t  , 1(0) 1f   and 

1( ) ( ) ( )j j j jf t f t f t   , (0) 0jf   for 2   j n   , 

Define n matrices 0    nF F   by 0 nF I  and  1( )   ( )j n j nF A I A I       

Then 
1

1
0

( )
n

At
j j

j

e f t F





   

Ex.  
1 0

0 2
A

 
  
 

 , 1 1( ) 1 ( )f t f t  , 1( ) tf t e ,  2 ( ) 2 ( )t
jf t e f t   , 2

2 ( ) t tf t e e    

0

1 0

0 1
F

 
  
 

,  1 1

0 0

0 1
F A I

 
    

 
,  

 2

2

1 0 0 0 0
( )

0 1 0 1 0

t
At t t t

t

e
e e e e

e

    
        

     
  

Ex.  
2 0

0 2
A

 
  
 

 , 1 1( ) 2 ( )f t f t  , 2
1( ) tf t e ,  2

2 ( ) 2 ( )t
jf t e f t   , 2

2 ( ) tf t te  

0

1 0

0 1
F

 
  
 

,  1 1

0 0

0 0
F A I

 
    

 
, 
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2

2 2

2

1 0 0 0 0

0 1 0 0 0

t
At t t

t

e
e e te

e

    
       

     
  

Ex.  
5 4 4

12 11 12

4 4 5

A

 
   
  

 has 1 2 1    and 3 3   . 

1 1f f   1
tf e , 2 1 2f f f     2

tf te , 3 2 33f f f     

3
3

1 1
( )

4 16
t t tf te e e     

0

1 0 0

0 1 0

0 0 1

F

 
   
  

 , 1

4 4 4

12 12 12

4 4 4

F

 
   
  

, 2

16 16 16

48 48 48

16 16 16

F

  
    
   

  

2

1
0

( )At
j j

j

e f t F


  

Ex.  ( )X AX F t  
  

  

 Let ( ) ( )AtX t e U t
 

   ( ) ( ) ( ) ( ) ( )At At AtX t Ae U t e U t Ae U t F t    
   

 

 ( ) ( )AtU t e F t 


 ( ) ( )AtU t e F t dt C 
 

,  ( ) ( )At At AtX t e e F t dt Ce 
 

  

Ex.  
1 10

1 4 1

t
X X

           

 
 , 

1
(0)

1
X

 
  
 


, 

1 10

1 4
A

 
   

  

21 10
0 5 6 ( 6)( 1)

1 4


   


 

      
 

 

1   , 
2 10 0

1 5 0
X

   
      


, 

5

1
X

 
  
 


, 

5
( )

t

t

e
X t

e





 
  
 


  

6  ,  
5 10 0

1 2 0
X

    
       


, 

2

1
X

 
  
 


, 

6

6

2 t

t

e
X

e

 
  
 


, 

6

6

5 2t t
At

t t

e e
e

e e





 
  
 

 , 

6 6

21

7 5

t t
At

t t

e e
e

e e


 

 
   

, 
6 6 6

2 (2 )1 1

1 17 75 (5 )

t t t
At

t t t

t te e t e
e

e e t e


  

      
              
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6

(1 )1

1 7 ( 29 / 6) / 6

t
At

t

t t e
e dt

t e




  
   

   
 , 

 
1

At At t
e e dt  

 
 


6

6 6

84 1195 2 (1 )1 1

21 217 18( 29 / 6) / 6

t t t

t t t

te e t e

te e t e



 

      
          

 

1

6 6
2

84 119 21 1
( )

21 2118 7 5

t t

t t

ct e e
X t

ct e e 

     
          


 

1

2

1 119 1 21 1
(0)  

1 21 1 518 7

c
X

c

      
               


, 1

2

4991

10418

c

c

   
    

  
 

6

84 119 7071 1
( )

21 2118 126 21

t

t

t e
X t

t e
   

       


 

Laplace transform ( ) [ ( )]L X L AX F t  
  

  ( ) ( ) ( ) (0)sI A L X L F X  
  

 

1 1( ) ( ) ( ) ( ) (0)L X sI A L F sI A X    
  

 ( )

0
( ) ( ) (0)

t A t AtX t e F d e X   
  

 

( ) 6( )
( )

( ) 6( )0 0

5 2

1 1

t t
t tA t

t t

e e
e d d

e e

 


 

 
 

  


  

    
    

    
   

 

 

 


