Matrix

Chapter Vectors and Matrices

§ Vectors
Row vector i =(u,,..,u,)e R", Column vector i =(u,,..,u,)" €R"
Two row vectors # and veR", a, feR
ai+ pv =(au, + pv,,...,au, + pv, )eR"
Inner product iiev =iiv’ =veii=7v"ii= Zn:ul.vi
i=l
Length of a is |i]=(uu")"

Let @ and v eC”, then the conjugate of i is denoted as i
The hermitian inner product of # into v is definedas iev

The hermitain length of @ is defined as i eii.

If > i, =0 hasonly one solution o, =0, i=l1~m,then @, i=1~m,
i=1

are linearly independent. If at least one «, =0, then i, i=1~m, are

linearly dependent. If i, i=1~n, are linearly independent, then the

expression ¥ =Y wii, isunique for xeR”.In this situation, R" is
i=1

spanned by i., i=1~n,and the setof i, i=1~n, is said to form a
basis for R".

Gram-Schmidt procedure

Given a set of linearly independent vectors i,, i=1~n, to generate a set
for i#j.

of orthonormal vectors v, i=1~n,i.e., ¥V, =6,
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§ Matrices
a, * * 4, &
e o o ° L . .
A= eR"™™, is the jth column of 4
[ ] [ ] [ ] [ ] °
a o o

{a, e e a,} istheith row of 4.

The column space of 4 R™ 1is the space spanned by the columns of

A and is denoted as R[A]={4%|x e R"}. The row space of 4 is the
space spanned by the row of 4 and is denoted as R[4"]= {)?TA‘)? eR"}
The right null space of 4 is denoted as N[A]={x|4x¥=0e R"}

The left null space of 4 is denoted as N[4"]={x|¥"4=0eR"} or
N[A"]={x|4"x=0eR"}.

Rank

r=rank 4=dimension of column space R[4]

dim N[A4]= dimension of null space of N[4]
n= total number of columns of 4

r+dim N[A]=n.

r=rank 4=dimension of row space R[4]

dim N[4"]= dimension of left null space of N[A"]
k = total number of rows of 4
r+dim N[AT]=k.

Theorem.
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N[4] and R[A"] are orthogonal subspace. The fact is denoted as
R[A"]" = N[ 4]

Proof:
V ye N[4]and ze R[4"] imply there exists x suchthat 4"x=z and
Ay=0,then z'y=(4"x)"y=x"4y=0 or N[A]LR[A"].
Theorem
N[A4"] and R[A4] are orthogonal subspace. The fact is denoted as
R[A]" = N[4"]
Proof:
vV ye N[4"land zeR[4] imply there exists x suchthat Ax=z and
A"y=0,then z'y=(4x)" y=x"4"y=0 or N[A"]LR[4].
The norm of xeR" is defined as |x| =x"x= ixf

P
The problem |dx|" =x"4"4x=0 willimply x=0 if the columns of 4
are linearly independent or 4”4 is non-singular.
Consider the least square problem Ax=y, 4eR™, xeR', yeR",
n<k. A"Ax=A4"y implies x=(4"4)"4"y.
|Ax| =x" A" 4x =0
A=[a;]

nxm 2 B = [bg'j ]nxm > aA + IBB = [aa{/ + IBbtj ]nxm

A=[a,1pm> C=[¢;lup> AC=[Da,c, ],
j=1
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a, ® e qa

. ([ ]
Transpose of 4 is denoted as 4", 4" = eR™, al,=a,

al m

The jth column of 4 becomes the jth row of 4.
The ith row of 4 becomes the ith coulmn of 4.
If 4=4",then 4 issymmetric. If 4=-4",then 4 is skew-symmetric

The conjugate of 4 is denoted as 4

The hermitian conjugate of 4 is denoted as 4*(= 4")

AeR™ is an identity matrix if a,=1, i=1~n, and others being zero
Properties

1. (A")Y =4,2. (A4+B)Y =A4"+B",3. (4B =B"A"

§ Determinants

AeR™, the determinant of 4 is denoted as |4] or det(A4)

Deleting the ith row and the jth column of 4 yields a new matrix
4D ¢ D<)

The determinant of 4" is called the minor M i of a; . The value
A7'j = (_1)i+ijj

1s called the cofactor of a, .

Ex. 4=

N b~ =
(e BNV, T \S]
o N W

3

. 1
The minor M,, and cofactor 4,, of a, are M, :‘7 and
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A4, =(-1)**M,,, respectively.
Properties
1. det(4)= iaikAik = Zn:aij,g. , 2. det(4)=det(4")
k=1 k=1
3.If 4 isa triangular matrix, then det(4)= li[a”.
=l
4. If 4 has either a zero row vector or a zero column vector, then

det(4) =0

5. A=[V, ¥, ..f,+g..7,], then det(4)=det[¥, ¥, ...f.. ]+det[¥, ¥, ..g,..7,]

6. If 4 has either the same two row vectors or the same two column
vectors, then det(4)=0

7.1f B 1is a matrix obtained by interchanging any two rows (columns) of

a square matrix, then det(B) = —det(A4)

8. If one row (column) vector of a square matrix 4 is equal to a number
¢ times some other row (column) vector, then det(4)=0p

9. A=V, v, ..5..v ], B=[¥ ¥, ..cv..v ], then det(B)=cdet(4)

10. det(cA) = c" det(A)

11. Zn:aikAjk :Zn:aij,d =8, det(4), where 6, =1 for i=; and &,=0 for

pam pam
i# ]
12. A4,BeR™, det(AB)=det(4)det(B)

13.If f,(x)~ f,(x) are differentiable, then

PRI VA
g LA ol VA
/SN A B VI A
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Hw
b*+ac bc c?
1. Show that det(4d)=| ab  2ac  bc |=4a’b’c?
a’ ab b*+ac
b*+c* bc ac
2. Findthe value | ab & +4d° bc
ca bc b* +a*

k  3+k =10
3. Find the value of k such that 1-4 2-4 5 |=48

2 4+k -k

cost sint In¢
4. det|-sint cost 1/t

—cost -—sint —1/¢
§ Inverse

A,BeR™ If AB=BA=1,then B=A4"

From » a,4, =Y a,A4, =05,det(4), we obtain
k=1 k=1

a, ® o a,|l4, * ¢ A4, |A| 0 « 0
e o o o e o o o | 0 |A| e 0
e o o o o o o e o o o

a, ® ® a, |4, o 4, 0 0 o |A|

Define the adjoint of A as adj(4)=[4,]", then

Aadj(A)=|A|I ,and 4™ =adj(4)/|4|

1 2
40 3 L-1 3
Ex. 4=/-1 0 3|, AH:(—I)”I _2‘=—3, A, =(-D" ; _2‘:7,
3.1 =2
A _( 1)1+3 _1 O_ 1 A2 _( 1)2+12 4 _8 A _( 1)2+21 4 _ 14
v 31 T (I 3 -2
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A _( 1)2+3 1 2 _5 A _( 1)3+1 2 4 _6 A _( 1)3+2 1 4 _ 7
23 T 3 1 v 31 T 0 3 - 2 32 T _1 3 - D)
1 2
A — _1 3+3 :2,
33 ( ) _1 0‘
A= a4, +a, A, + a4, =1x(=3)+2xT+4x(-1) =7
3 7 -1 [-3 8 6
adj(A)=| 8 =14 5| =7 -14 -7
6 -7 2 -1 5 2
The Problem A4x=5 canbe solvedas =475
b.A
X b, A, o o A,1|b ; o
1 ) e o ® ) 1 )
Or =—adj(A) = =
|A| | | ° o o ° ° |A| °
x b A4, o o A ||b "
n n n nn n blAl”
2
Cramer’s rule
1 2 3|[x 1
Ex. |9 5 4|{x,;=13¢,
6 8 7||x, 5
1 2 3

det|9 5 4 |=1x5xT+9x8x3+6x4x2—-3x5x6—-4x8x1—-Tx9x%x2
6 8 7

=35+216+48-90-32-126=35+48-32=51

1 2 3
det|3 5 4|=35+72+40-75-32-42=72-32-42=-2

det|9 3 4|=21+135+24-54-20-63=43
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1 21
det|9 5 3|=25+72+36-30-24-90=-11
6 8 5

(x;,x,,x,) =(-2,43,-11)/51

A is non-singular if |4]=0

If 4 and B are non-singular, then (4B)'=B"'4", A" =" =(4")"

Hw

1. Find the adjoint and inverse of matrix A

2. Solve the following equation by Cramer’s rule
x—y+2z=-5
—x+3z=1

2x+y=3

3.1f |4=3, 4eRr™,then what are the values ‘A"

, |adj(4)| and
ladj(4™)|?
§ Eigenvalues

AeR™, A%=Ax, A 1isthe eigenvalue and x is the eigenvector

Consider Z_y ~-Ay=0.Let y=ae™,then aae® =ale”™ or a=A1.
x

Consider Z—y ~Ay=0.Let y=e"ii,then «ii=A4ii
X

Ax =A% implies (4-ANx=0 .Since ¥=0,then A-AI is singular or

|[4-A1]=0.
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4 4-) =5
Ex. A:{1 2}, det(A—/II):det{

1 _2_ﬂ}=5-(4—1x2+1):0

54(A-4)2+A)=1>-21-3=(1-3)(1+1)=0
b et )
24:3 = : =
1 =5||x, 0 X, 1
B SNy
2':_19 = ’ =
1 -1]|x, 0 X, 1

Hw

(a) Find all real values of k& for which the matrix

1 k& 3
A=|-k 2 -k
1 k£ 3

has real eigenvalues

(b) Find the corresponding eigenvector of 4

(c) With & real, determine the largest possible eigenvalue of 4 and the
corresponding eigenvector

(d)Find the real values of k£ for which 4 has only two real eigenvalues.
Find the two eigenvalues and the corresponding eigenvectors.

Theorem

A matrix is singular if and only if at least one of its eigenvalues is zero.

Theorem

If 4 and B are similar matrices, then 4 and B have the same

eigenvalues.

Remark. 4 and B are similar matrices, if B=S"4S.

Theorem

A eigenvector of a square matrix cannot correspond to two distinct

eigenvalues.
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Theorem

If x..x, are eigenvectors corresponding respectively to distinct

eigenvalues 4 ..4 ,then x..x, are linearly independent.

Theorem

The eigenvalues of a hermitian matrix are all real.

Corollary

The eigenvalues of a real symmetric matrix are all real.

Corollary

The eigenvalues of a skew-hermitian matrix are all pure imaginary.

Theorem

If % and X, are eigenvectors corresponding, respectively, to the distinct
eigenvalues 4, and 4, ofa hermitain matrix #,then x'x, =0 and
X Hx, =0.

Theorem

Every nxn hermitian (real symmetric) matrix has » linearly
independent eigenvectors.

Corollary

Every nxn hermitian (real symmetric) matrix has a set of =
orthonormal eigenvectors.

Theorem

The equation (4-AB)x =0 has zero as an eigenvalue iff 4 is singulaer.

Theorem

If 4 and B are hermitian (or real symmetric) matrices, and if B 1is

10
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definite, then the eigenvalues of (4-1B)x=0 are real.

Corollary
If 4 and B are hermitian (or real symmetric) matrices, and if B is

positive- definite and 4 1s negative-definite, or vice versa, then all the
eigenvalues of (4-A1B)x=0 are negative.
Corollary

If 4 and B are hermitian (or real symmetric) matrices, and if both B

and 4 are positive- definite or negative-definite, then all the eigenvalues
of (4-AB)x=0 are positive.
Theorem

If 4 and B are hermitian (or real symmetric) matrices, and if x,..x, are

eigenvectors of the equation (4-AB)¥ =0 corresponding, respectively, to
the distinct eigenvalues 4,..4,,then x'4% =0 and x'Bx, =0 for i=,.
Theorem

If 4 and B are hermitian (or real symmetric) matrices, if B is

definite, and if % ..x, are eigenvectors of the equation (4-AB)x=0

corresponding, respectively, to the distinct eigenvalues 4.4 ,then % ..x,

are linearly independent.
Theorem

If 4 and B are hermitian (or real symmetric) matrices, and if B is

positive-definite, then all eigenvectors of the equation (4-1B)x=0 are

linearly independent and orthonormal with respectto 5.

Ex. Both 4 and B are non-singular, then 4B and B4 have the same

11
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eigenvalues.
Ex. All eigenvalues of a skew-hermitian matrix are pure imaginary or

Z€ro.

Ex. Let & ..x, be orthonomal eigenvectors of the equation (4—A7)x=0
corresponding the eigenvectors 4.4 , respectively. Then the solution of

(A-ADXx =7 1s given by

N[ ®Y L
x_;[/li—l}i

Theorem

Let (4,x) be the ith eigenvalue and associated eigenvector, i=1~n, of
the equation (4-AB)¥=0, in which both 4 and B are hermitian, and
B is positive-definite. Let x'Bx; =6, and M =[%, ..%,], then

M*BM =1, M"AM = diagonal matrix of [4].

Theorem

An nxn matrix is similar to a diagonal matrix iff it has n linearly
independent eigenvectors.

Remark: A4 issimilarto B if 4=S"'BS

Corollary

Every hermitian matrix and every real symmetric matrix is similar to a

diagonal matrix.

§ Functions of a square matrix

ArAs — Ar+s — As+r — AsAr , A—S — (AS)—I — (A—l)s

12
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Let f(4) and g(4) be two polynomials of 4,

then f(4)g(4) = g(4) f(4).
If g(4)is non-singular, then f(A)g™'(4A)=g ' (A)f(4)=f(A)/g(A).
Theorem

Let 4.. 4, beeigenvalues of 4.If f isapolynomial, then

(D= f(A) . f(4,)
Proof: Express f(x) asf(x)=c(x-5)...(x—b,), then

f(A) =c(A-bI)..(A-b]I),
|f()|=c"|A-b1|..|A-b1|= ch[(ﬂ,i -b,) =f[(cf[(/1,. —bj)]

j=1 =l i=

= H f(4)
Theorem

Let 4.. 4 beeigenvalues of 4.If f isapolynomial, then the

eigenvalues of
f(4) are f(4),...,and f(4,)
Prof.

Let g(x)=/f(x)-4=0,then |g(4)|=|f(A)-Al|=|f(A)-A|..|f(2)-2|=0

So, A=f(4), ..., f(4,).

Corollary
Let 2 and x be one eigenvalue and the associated eigenvector of 4,

then

13
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f(A2) and x are one eigenvalue and the associated eigenvector of f(4).

Theorem

If 4 1s amatrix which is similar to a diagonal matrix, that is

A4 0 0 p(4) 0 0
D=5"4S=|0 e 0 |,then p(4)=S| 0 e 0 |S
00 A 0 0 p(d)

0 2
Ex. p(x)=x'-4x’+6x>—x-3, AzL 3}

3-1

a [ S -

)
|A—/ur|:de{1 }:0=2+/1(—3+/1), A=1, 4, =2

{ _
i Y )
p<A>=s{_O1 g}s

Theorem

If 4 issimilar to a diagonal matrix, and if p is a scalar polynomial, then

the equation p(X)=4 is solvable for X.
5 4 3
Ex. Solve X*>-4X+4I= 5 6

4-4 3 )
det| * " T |=0=(G-9(2-6)-15=2"-102+9, A =1, 1,=9

S NS B S

14
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¢ - g

1 0
Let Y:SXS—I, Y2_4Y+4[:|:0 9:|, y12—4y1+4:1, y1:1,3

v, =4y, +4=9, y,=-15

1 0] [t o] [3 0] [3 0 L
Y: : ) 5 N X:S YS
0 -1 0 5 0 -1 0 5

4 3
Ex. 4= ,

5 6

0 in(1 0
et=s1¢ Ols, sinp=s[D 0 g

0 e 0 sin(9)
- 2 2
Gin® A+ cos® A= 5| ST (1) +cos* (1) » 0 2 §l_g
0 sin“(9)+cos”(9)

0=[A=21|=2"+c, A" +..4¢, implies A" +c, A" +..+¢ /=0
where ¢, =|A|. A" =—c, A" —..—c,.

If 47" exist,then A" +c¢, A" +..+c,A"=0 or

A =—(A""+c, A" +...+c 1)/ det(A)

§ System of Differential Equations

Ex. ﬁ+2x+ﬂ+6y=2e’ , 2ﬂ+3x+3ﬂ+8y=—1
dt dt dt dt

15
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S

. 3-4 1
Eigenvalues de{ s

wer [ SRl G-
S HEH R

Modal matrix M = [2 5} M_lz_[—l —5}
-1 1 301

J 0=10+(A-3)4+2)=A7+1-2

State Equation

ax_ AxX+Bii—>e ™ @ _ Ae"'x =e " Bii— i(e “%)=e"Bii
dt dt dt

—>.[—(e_A’x)dT J. " Biidt —> X(t) = eAt[x(O)Jrj " Biidr]

16
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Another approach

abl L I

oS-
o el el

1 -t 2
:lM l-e 0 14 +1M 0.51-¢) 0 4
370 0 0se-n|l-2) 3 0 e —1]]-1

41—y +2(1—e) 0
3 0 —(* =1)—e' +1

{x}(t)=M Ft 0 }[M‘{x}m) +1{14(1—e’)+2(1—ezt) . D
Y 0 e y 3 0 _(eZI—l)—et-{-l

Consider % = AX + Bii

dr =
6

1
-1
M~

Jue
Ml

Taking Laplace transform on both sides yields

sL(X)—x(0)=AL(X)+ BL(it) — (s] — A)L(X)=Xx(0)+ BL(ii) =
LX) = (sI ~ A)"%(0) + (s ~ 4) " BL(@), L'[(s - A)"]=e",

— (1) = ¢"%(0) + jo "9 Bii(r)dt

Theorem. If A is a nonsingular matrix, the linear system Ax =5 has exactly one
solution.

Theorem. A homogeneous system of n linear equationsin n unknowns Ax=0
has a nontrivial solution if and only if det(A4)=0.

17
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Theorem. If A is a singular matrix of order »n such that at least one entry in the
kth row of det(A4) has a nonzero cofactor, then a complete solution of the linear

system Ax=0 isgiven by the column vector

x=c[A, 4, 4,1 , c%0

Ex. Solve
1 2 —-1|[x 0
3 2 5 9x,;=40
5 6 3 ||x 0
Ans.
) :‘2 5‘:_24 ) :_‘3 5‘:16 :‘3 2‘:
11 6 3 ’ 12 5 3 ’ 13 5 6
a A, +a,A4,+a,A4,=-24+32-8=0
x=c[-24168]" or x=c-321]
Theorem.

Let A4 bean nxnmatrix with eigenvalues A4 ...A .Suppose that there exists n
linearly independent eigenvectors V, ...V associated with these eigenvalues,

respectively. Then there exists a matrix P such that

A 0 0
P'AP={0 e 0 |=D
0 0 4,
where  P=[V eeeV ]
5 -4 4
% A=|12 -11 12| hasthreeeigenvalues A =1, 4, =1,and A,=-3.
4 4 5

5-2 4 41 -2 o 4
|[A-All=| 12 -11-2 12 (=] 0 1-1 12

4 45— |A-1 1-4 5-4
-1 0 4 1 0 4

=(A-D20 1 12 |=A-1*0 1 12 |=(A-1(1-3)=0
1 1 5-2 0 1 9-2

18
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8 —4 4(x 2 -1 17(x) (o
A=-3: (A-ADx=[12 -8 12{x,t=4[3 -2 3|{x,;=40
4 -4 8 ||x, 1 -1 2||x) |0
-2 3 33 3 2
=-1, — =-3, =1,
-1 2 1 2 1 -1
x={-1-3-1}" or x={131}7
4 -4 4(x 1 -1 1](x
A=A=1 :1(A-ADx=[12 —12 12|3x,1=4|3 -3 3|ix,;=
4 -4 4 ||x 1 -1 1||x
Or
1 -1 1]fx 0 X, a 1 0
0 0 Oqx,;=¢0p, qx,p=qa+p;,take <1 and <1 LI
0 0 O0f|x 0 X, yij 0 1
1 01 1 00
0 1 1 00 3

§ Orthogonal matrices: Qe R™, Q0" =1
Each column vector of Q is orthonormal,i.e.,
li=j
T
745 =0 {0 [ #J

§ Unitary matrices: UeC™", UU" =1, U isthe conjugate of U .
Each column vector of U is orthonormal

1 i=j
il =6,=1 "7
S (VI

Consider §'=AY , Ae R™".

Let X(/)=e"C,then (A—AI)Ce” =0 or (4—A)C=0

19



Matrix

Theorem. Let A have eigenvalues 4, ... A, .Suppose there aren L.l eigenvectors

E oo fn , respectively, corresponding to these eigenvalues. Then
E, ¢*' e E ™' aren L. solutions. The general solution us expressed as
X(t)=¢,E, " +ee +c E ™ or X(t)=[Q@)]C

_ 4 2| _
Ex. X = X

4-1 2 .
det =(4-A)3B-1)-6=1-TA+6=0

oo [ )
N ME NS
foaf e fle o w02 0]

1-4 3 ,
det =(1=A)(T-A)+9=2"-81+16=0
3 7-2

oo [3 e A ol

X

— 1
A, =4:Try Xz(t)z{l}te4’ +{ }e‘”,then

X5

S {1} 4 {1} 4 {xl} 4 {1 3}[{1} 4 {xl} 4;}
X, t)=1 e’ +45 rte” + e’ = te™ + e
1 1 X, =3 7 (1 X,
N O B e R N S
e’ +4 e’ = e’ or = =
1 X, =3 T7]|x, 1 =3 T7-4||x, -3 3||x,
(a3 e w0
Take =— sthen X, (£)=4 rte” +— e
x| 3|2 1 312

20
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X()=c, X,(t)+c,X,(t) =, {1} et +e, ({1}%‘” + %{;} et j

1, t+1/3 ,, |1 t+1/3|]¢
=¢ e’ +¢, e’ =e
1 t+2/3 1 t+2/3]|c,
X I 1]|x , ,
Ex. = or y=y, x=x+Yy
v [0 1]y

_ t r_ t _ t t
y=ce, x =x+c,e or x=ce +cte,

Clomaferefie-ls ¢
) =¢ e +c,y re =
y 0 1 0 e

Another method

) | _1 0 |0 T}]x X o
Flgenvalue 4 = {0}_[0 0}{)’}1’ {J’} (t)_{o}e ,
v {} (f)-{l}tef+{“}ef

y y . - 0 ﬂ ’

5 -4 4] .,
Ex, 4=|12 —11 12|, X =4X
4 -4 5

It

A has A =1, E;={110}", A4, =1, E2={011}", 4, =-3, Es={131}7

1 0 1 e 0
X(t)=c{1te' +c,q1te' +¢,43 e™ or X(f)=|e ¢
0 1 1 0 ¢

21
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Another method

1 1
A=1: Er={110}, X,()=41t¢ , L, =-3: Es={131)", X,(1)=43}e™
0 1
1 X,
L=1: X,(t)={1rte' +{x, e
0 X,
1 1 X, 5 -4 4] X,
X, (=11t +11be' +{x, be' =12 =11 12||{1}bee' +{x, be!
0 0 X, 4 -4 50 X,
1 [5-1 -4 4 ](x 111—11xl
l¢=| 12 -11-1 12 |{x, or 7 l1¢={3 -3 3|{x,; hasnoanswer
0 4 -4 5-1]|x 0] |1 -1 1]|x
1 X,
So, X,(t)=41¢te'+{x,te' does not exit.
0 X,
-2 -1 -5
EX. X =4AX , A=[25 -7 0
0o 1 3
2-12 -1  =5] }2-2 0 -2-2
0=|4-All=| 25 -7-4 0 |=| 25 -7-2 0
0 1 3-2 0 1 3-1
10 1 1 0 0
=—Q+)25 -T-4 0 |=—Q+A)|25 -7-1 25
0 1 3-2 0 1 3-2

=2+ D)[25-(T+A)B=-D)]=-Q2+ D[4 +44+ A’ ]= (1 +2)

22
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0 -1 5||x X,

-5
0
3

A==2: 0=(4-4DX=|25 -5 0 [<x,¢, {x,
0 I 5 ||x X,
1 1 X,
Xi(t)=4 5 e™,Try Xo2(t)=15 tte™ +4x, te™
-1 -1 X,
1 X, -2 -1
X2()=1{5 (te™ =2te™)+{x,+ (2e*)=|25 -7
-1 X ), 0 1
1 X, -2 -1 =5|[x
5t +4x,p (2e7)={25 -7 0 {x,p e
-1 X, 0 1 3](x],
1 0 -1 -5](x -1 0 1 5|(x
5+¢=125 =5 0 3x,p, 71 =5 -1 O|5x,
-1 0 1 5](x), (0 0 0 0f(x],
X, o X, 1 1+¢
X, b ={5a—1p,Take <x,t =44}, Xa(t)=14+5tre™
X ), -a x ), -1 —1-t
. 1 1 X,
)—(3(t):E S5te™+44 e +ix, b e
-1 -1 x5,
1 1 X,
Xs()={5tt—-t)e?+{4 t(1-2t)e™ =24x, ¢ e™
-1 -1 X5,
-2 -1 -5 . 1 1 X,
=25 -7 0 5 S5t 494 vt+3x, ¢ le
0 1 3 -1 -1 X5,
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1 X,
5 tte ™ +1x,

-1 X,



Matrix

1 0 -1 -5|(x 0 1 5]|(x -1
41=125 -5 0 [<x,y or [1 0 1[{x,p =<-1/25¢,
-1 0 1 5]|x, 0 0 0f|x), 0
0 1 5]|(x -1 X, —-f-1/25
1 0 1[{x,» ={-1/25}, {x,+ =4 =56-1 | take f=1
0 0 0]|x], 0 X ), Yo
X, -26/25 £ /2+t-26/25
X,p =4 =6 ¢, Xa(t)={ 5 /2+4t-6 e
X, 1 ~2/2—-t+1
t*/2+t-26/25 1+¢ 1
X()=c{ 5 /2+4t—-6 pe™ ++c,{4+5t e +¢, {5 te™
£ /2—t+1 ~1—t -1

% Putzer algorithm for an exponential matrix
Let the eigenvaluesof 4 be 4 e e A .let f(z) ® o f () betheunique
solutions of the initial value problems  f(t)=A4,1,(t), f,(0)=1 and

fiO=f,O+4,f,@), f,(0)=0 for j=2 e en,

Define n matrices F;, ® o F/ by F =1 and F,=(A-41l,) e ¢ (A-11,)
n—1

Then ¢ =) 1., (OF,
=0

1 0
Ex. A:{O 2} , =110, fi(t)=¢, fHt)=e +2f,(1), fo(t)=—¢" +e*

F_10 o /111—00
““lo 1| ' 1o 1/

1 0 0 0 !
eAt — et + (eZt _et) — e O
0 1 0 1 0 e

2 0
Ex. Az{ } , fO=2£@1), fi)=¢€", fz’(t)=e”+2fj(t), f, )=t

0 2
F—IO F—AM—OO
*“lo 1" ' 1o of
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Matrix

ot = o 10 +1e* 00 _ e 0
0 1 0 0 0 ¥

5 —4 4
Ex. A=|12 —11 12| has 4 =4, =1 and 4 =-3.
4 -4 5

K=l =€, fi=fi+f, > fLi=td, fi=f-3/,

t 1 —3¢ t
=—te +—(e  —e
/3 4 16( )
1 0 O 4 -4 4 -16 16 -16
F,=|0 1 0, F=|12 -12 12|, F,=|-48 48 -48
0 0 1 4 4 4 -16 16 -16

Ex. X =AX+F(t)

et X(£)=e"TU(t) — X (1)=Ae™T(t)+eT(t) = 4e* U (t) + F (1)

Ut)Y =e“F@t) > U@t) = j e F)dt+C, X(t)=e" j e F(t)dt + Ce™

Ex.
. {1 —10}_ {t} _ {1} {1 —10}
X = X + , X(0)={ +, A=
-1 4 1 1 -1 4
‘1—,1 —10‘ ,
0= =1 —5A-6=(1—-6)(A+])

-1 4-2

2 10— (O — |5 — S5e”"

A=-1 , X = , X= ’ X(t) =

-1 5 0 1 e’

=5 —10]— (0] — [-2] — [-2¢e" e
A=6, X = L X = X = e M = Se e ,

-1 =2 0 1 e e’
I N 2¢' a1t 1] € 2" [|t| 1] (2+0)e
€ = —6¢ -6t |’ € - —61 —6t =5 —6t

7| —e Se 1) 7|-e Se 1) 7((5-1)e

25



Matrix

t 1 !
J.efAt dt :l ( +t)e ] ,
1 7 (t—29/6)eit/6
eAtJ-e 5€_t —2¢* (l+t)et :i 84r+119
e (t—29/6)ei6t/6 18 | 21+ 21
— 1 |84t+119 e 2e I
X)) =— - 6t = 6t 1
18 | 21r+21 —e " Se c,
119 I 2]|¢ q 1 1499
X(0)= R S—
-1 5||¢, c, 18 [104
— 84r+119 !
X(t):L _L 707e
18 | 21+ 21 126 |21

Laplace transform L()—(') =L[AX+F®)] > (s] —A)L()cf') = L(ﬁ) +)7(O)

1
1

L(X)=(sI = A" L(F)+(s] - A" X(0) - X (¢) = jo e F(r)dr +e" X(0)

P T / Se—(t—r) _266(t—r) T
A(t-71) _
J.o ¢ {l}df N J.o |: e*(H) eé(tfr) 1 dt

26



